A new method is introduced to evaluate the macroscopic permeability of a litz wire which is composed of stranded conductors. In this method, an integral equation is solved for the complex magnetization in the litz wire generated due to the proximity effect. The macroscopic permeability computed from the magnetization is used in the homogenization-based finite-element analysis of eddy currents in a litz-wire coil. It is shown that the wire twist has a little effect on the complex permeability.
I. INTRODUCTION

I
N ELECTRIC machines and devices, materials which involve small structures such as litz wire, steel sheet, and dust core are widely used to reduce the eddy current loss. In recent years, analysis of eddy current losses in these materials has been required because of increase in speed of the switching frequency of power electronics devices. When analyzing those materials by the space discretization method such as the finite-element method (FEM), the resultant equation can be extremely large because they have to be discretized into huge number of elements that are smaller than the skin depth.
The homogenization-based FEM has been shown effective to such analysis [1] - [7] . In [5] , complex permeability has been introduced for the analysis of multi-turn coils. The macroscopic permeability of a coil region is obtained by substituting the complex permeability of a round conductor to the extended Ollendorff formula. The homogenization method allows us to avoid discretization of the components in fine-structured material into small finite elements because it is possible to treat it as uniform material. However, in the homogenizationbased FEM, the stranded structure of a litz wire has been ignored.
In [8] , to consider the stranded structure, an integral equation method to analyze the eddy current losses in the stranded wire has been proposed by the authors. In this method, the integral equation is solved for the magnetization in the wire generated by the proximity effect. In this paper, we show that the macroscopic permeability of the litz wire can be evaluated using the integral equation method. To do so, uniform magnetic field is imposed to a litz wire, and the integral equation is solved to evaluate the eddy currents in the litz wire. Then, the macroscopic permeability is derived from the computed magnetic field for the following finite-element (FE) analysis. We discuss validation of the proposed method by comparing 
II. COMPLEX PERMEABILITY OF STRANDED WIRES
A. Complex Permeability of a Round Wire
When a wire is immersed in time-harmonic magnetic field which is perpendicular to the wire axis, anti-parallel eddy currents are induced along the wire. Because the eddy currents generate the diamagnetic field, the effective permeability of the wire becomes lower than its specific permeability. Moreover, the eddy currents give rise to Joule losses. These effects can be expressed by the complex permeability. The relative complex permeability of a round wire is given by [5] 
where z = (1−j)/δ, δ denotes the skin depth, J 1 (z) represents the first-order Bessel function, and μ r is the relative permeability of the wire. Using this permeability, we can consider the eddy currents losses due to the proximity effect without fine discretization of the wire cross section.
B. Periodic Integral Equation
The anti-parallel eddy currents along stranded wires induced by a uniform magnetic field can be obtained by the integral equation method in which a wire is modeled as 1-D curve [8] . Assuming that wires have periodic structure, the electromagnetic field around the wire can be obtained by considering a unit cell under the periodic boundary condition.
The basic idea of the integral equation method is that the anti-parallel eddy currents in the wire due to the proximity effect generate a dipole field. The source of the dipole field can be regarded as a magnetization in the wire. Therefore, if the distribution of the magnetization is obtained, the antiparallel eddy currents in the wire can be determined.
In the following, we derive the integral equation for selfconsistently determining the distribution of the magnetization 0018-9464 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. in stranded wires. Let us consider the complex magnetization M perpendicular to the wire axis generated by the anti-parallel eddy currents. Considering the eddy currents, the magnetization is expressed in terms of the magnetic field H andμ as
The magnetic field H is composed of the components due to the complex magnetization vector M distributed along the wire and the uniform magnetic field H 0 . Then, we obtain the following integral equation from (2) for M [8] :
where c is the wire domain in which the magnetization M exists, x and x are the observation and source points in c , τ is the tangential unit vector parallel to the wire axis at x, R = x − x , R = |R|, and G denotes the operator defined by (3b). Then, we consider the stranded wires which have periodic structure in the direction of the wire axis, as shown in Fig. 1 . Due to the periodic structure, the magnetization satisfies
where n denotes integer and d is the distance vector between the adjacent unit cells. The integral equation for the wire with periodic structure, thus, can be expressed as
where unit represents the repeating unit of c , R n = x − x − nd, and R n = |R n |. The summation in (5a) is terminated at adequate number considering both accuracy and computational time. In the following computations, we evaluate 11 terms.
C. Macroscopic Permeability
To perform homogenization of a bundle of litz wires, we derive its macroscopic permeability fromμ r . To do so, we use M obtained by solving (5a) as will be described in the following.
Let the time-harmonic uniform magnetic field H 0 e j ωt , angular frequency ω, be imposed on the unit cells as shown in Fig. 1 . We can obtain the distribution of M along the wires by solving the periodic integral equation (5a). The uniform magnetic field H 0 in (5a) can be regarded as Lorentz field H loc when we consider the unit cell which contains a bundle of stranded wire, as shown in Fig. 2 . The following relation holds for the Lorentz field:
where H represents the external magnetic field, which is imposed on the entire cells,N denotes the effective diamagnetic constant of a unit cell, and M ave is the averaged magnetization over a unit cell. The computation ofN is given in Appendix. Then, the averaged magnetic flux density over the unit cell can be written as
On the other hand, by introducing the macroscopic permeability μ, B ave can be written as
Eliminating H from (6)- (8), we have
Note that this permeability is valid under the assumption that the magnetic field imposed on the litz wire is uniform.
III. NUMERICAL RESULTS
A. Validation of the Proposed Method
To validate the proposed method, a 3-D model of a litz wire shown in Fig. 3 is analyzed by conventional FEM and the proposed method. The model is composed of 16 wires, wire radius a = 0.15 mm, pitch = 15 mm, conductivity σ = 5.76 × 10 7 S/m, and relative permeability μ r = 1.
In the FE analysis, the uniform magnetic flux density is imposed to the unit cell. The boundary conditions are summarized in Table I . The macroscopic permeability is computed from the following equation: where B ave denotes the averaged magnetic flux density over the domain.
The results are shown in Fig. 4 . The horizontal axis is the wire radius normalized to the skin depth δ. We can see that μ obtained by the proposed method is in good agreement with that obtained by 3-D FEM when a < δ. The ratio of the computational time of the proposed method to that of FEM is about 1.4 × 10 −2 for one frequency sample. The proposed method is, therefore, more useful to evaluate the dependence of μ on number of wires, wire pitch, and strand structure.
B. Dependence of μ on Pitch
The dependence of μ on the pitch of a litz wire is evaluated from (9a). We consider a litz wire composed of 49 wires, radius a = 0.15 mm, the conductivity σ = 5.76 × 10 7 S/m, and relative permeability μ r = 1.
The imaginary part of μ is plotted against frequency in Fig. 4 . It is found that μ scarcely depends on the pitch under the condition that a < δ which holds for usual litz wires. In Fig. 5 , μ computed from Ollendorff formula [5] , [9] in which wires are assumed to be in parallel is also plotted, where η represents the filling ratio. From this result, we conclude that the proximity effect losses can be efficiently evaluated from (11) for the litz wire shown in Fig. 3 . Namely, the wire twist has a little effect on μ when a < δ.
IV. EXPERIMENTAL RESULT
We consider the ac resistance of the wireless power transfer (WPT) coil composed of the litz wire shown in Fig. 6(a) . The parameters are summarized in Table II . The ac resistances computed by FEM and measured values are plotted against frequency in Fig. 6(b) . The macroscopic permeability μ obtained from (9a) is used in the FE analysis. We can see the computed ac resistance agrees well with the measured values except at high frequencies, where the capacitance among the wires would not be negligible.
V. DISCUSSION
In this paper, we have discussed the eddy currents losses due to the proximity effect. We find that wire twist has a little effects on μ whose imaginary part represents the ac loss due the proximity effect when a < δ. However, there exists other factors that can cause ac losses in the wires. The main factors are the skin effect and circulation currents. Here, we discuss the latter because the former can be sufficiently reduced when using litz wires. The latter effect has not been included in the analysis of eddy current losses of litz wire [10] - [12] .
The circulation currents are the currents which flow along two wire conductors electrically connected at their terminals. For example, we consider the twisted wires shown in Fig. 7 . When magnetic flux interlinkages across the wires, the circulation currents flow along the wires due to Faraday's law. If the wires are ideally well twisted and the magnetic field is uniform, the circulation currents cancel out each other. In practice, however, the wires are not always ideally twisted and the magnetic field can vary along the wires. The circulation currents, therefore, can contribute to the ac losses. In [13] , the current sharing has been determined by solving the circuit equation resulted from 2.5-D partial element equivalent circuit method. This method leads to, however, a huge equation system when the litz wire contains a number of strands.
The ac losses due to the circulation currents could be evaluated in the post-processing; the wire is modeled as a curve or segmented lines and the eddy currents along them are computed from the interlinkage flux. This remains for future work.
VI. CONCLUSION In this paper, we have proposed a new method to obtain the macroscopic permeability μ of a litz wire using integral equation method. By using this method, we can evaluate μ without heavy computational burden. It has been shown that the macroscopic permeability of the litz wire obtained by the proposed method is in good agreement with that obtained by the Ollendorff formula. Thus, it is concluded that the eddy current losses due to the proximity effect can be accurately evaluated by the Ollendorff formula. This result has also been verified by experiment. We have also discussed the circulation current which gives rise to additional ac losses. The evaluation of the circulation current losses in the litz wire is our future work.
APPENDIX
We consider here the effective diamagnetic constant of a stranded wire. By definition, it would be expressed as
where H in ave is the averaged magnetic field over the stranded wires. The averaged magnetic field is computed from
where M in ave is the magnetization, computed by solving (5a) with real-valued permeability, averaged over the conductor.
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